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Abstract
We present internal descriptions of spaces of absolute Borel classes with respect to Tychonoff
spaces. Complete sequences of covers is the basic tool for this description. We apply the same
technique to a hierarchy of absolute classes of scattered-Borel sets, covering thus the case of a
hierarchy of extended Borel sets in nonseparable metrizable spaces which was introduced and studied
by Hansell. We discuss briefly preservation of (extended) Borel classes both by open continuous and
by perfect maps.
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Introduction
We are going to give internal characterizations of those Tychonoff spaces that
are absolute Borel and absolute scattered-Borel (see the definitions below) in terms
of complete sequences of covers. Moreover, we recall, respectively introduce, natural
hierarchies of (scattered) Borel classes and give characterizations of spaces that are
absolutely in some of these classes.
Let us point out what we mean by “absolute”. Let P(X) be a class of subsets of X for
every topological space X. We use the common notation P for all of them and we speak
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about a class P in such a case. A Tychonoff space X is an absolute P space (or set) if X is
in P(Y ), whenever X is embedded into a Tychonoff space Y .
A characterization of absolute Borel sets within metric spaces via complete sequences
of covers was presented in [17]. For topological spaces in general, an example due to Ta-
lagrand [24] shows that there is a topological space T that is Kσδ in a compactification but
that is not Kσδ (even not “K-Borel” in the sense of [24]) in some other compactification.
This indicates that the situation for general topological spaces may differ considerably.
Nevertheless, Raja [21] studied recently a natural hierarchy of absolute Borel topological
spaces and found in [21, Theorem 4.6] internal characterizations of the absolute multi-
plicative classes that correspond to nonlimit countable ordinals greater than one as well
as a characterization of all absolute Borel sets via an auxiliary ˇCech complete topology
on X. Raja shows in [22] that spaces which are absolutely of the first multiplicative class
are preserved by perfect maps. He gives an internal characterization in the case of normal
spaces. It has been shown recently in [14] that Raja’s absolute classes, and many other
absolute classes of Tychonoff spaces, are preserved by perfect maps. It should be noted
that the first additive classes appeared naturally in the study of maps of the first Borel class
(see, e.g., [3]).
These mentioned results motivated us to give internal characterizations of all absolute
Borel classes of Raja without any restriction to normal spaces. In the same time, we
investigate a hierarchy of classes of so-called scattered-Borel sets introduced in [4].
Classes of hyper-Borel sets (called also extended Borel sets) in metrizable spaces studied
by Hansell in [5,6] are particular cases. We obtain internal characterizations also for
absolute classes of scattered-Borel sets. In Section 4, we recall and combine some facts
on preservation of the absolute (scattered) Borel classes by perfect and by open continuous
maps.
1. Basic notions and notation
All topological spaces considered are supposed to be Hausdorff. In fact, main results
concern Tychonoff spaces and we would not lose much considering Tychonoff spaces only.
We use F(X) or just F to denote the class of all closed subsets of a topological space
X, G(X) or G to denote the class of all open subsets of X, and B(X) or B to denote the
class of all Borel subsets of X.
Let C and D be some classes of subsets of X. Then C ∧D stands for the class of all sets
of the form C ∩D, with C ∈ C and D ∈D. Similarly C ∨D denotes the class of all sets of
the form C ∪ D with C ∈ C and D ∈D. By C ≺ D we mean that the family C refines D,
i.e., each element of C is a subset of some element of D and ⋃C =⋃D. As usually, Cσ
denotes the collection of all sets that are countable unions of elements of C and Cδ stands
for the collection of all countable intersections of elements of C . Moreover, we write Cc
for the collection of all complements to elements of C . The smallest algebra containing C
is denoted by algC .
Hansell [7, p. 25] introduced a hierarchy of Borel classes in topological spaces. We
shall use Raja’s description [21] which differs formally from Hansell’s one because of a
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distinction at limit ordinals. Borel classes Aα,Mα, α  1, used by Raja in [21] may be
equivalently described as follows (see [14, Remark before Corollary 14] or Fact 4 below).
Definition 1.1. Let X be a topological space. For technical reasons we put A0(X) =
M0(X) = algF(X). If the additive classes Aβ = Aβ(X) and the multiplicative classes
Mβ =Mβ(X) are already defined for all ordinals β < α < ω1, then Aα consists of all
sets A that are countable unions of sets Mn each belonging to some (multiplicative) class
βn < α, and Mα is formed by all countable intersections M of sets An each belonging to
some (additive) class βn < α.
We denote A<α =⋃{Aβ : β < α} and M<α =⋃{Mβ : β < α}. Thus Aα = (M<α)σ
and Mα = (A<α)δ for α  1.
We shall use a notion that will help us in our study of Borel classes and that is crucial
in building the hierarchy of scattered-Borel sets. Following [7] we say that a family S
of pairwise disjoint subsets of a topological space X is scattered if for every nonempty
subfamily T of S there is a T ∈ T and an open set G ⊂ X such that T = G∩⋃T (cf. [7,
Lemma 2.1(c)]). Let us point out that taking the union of a scattered family is a special
case of the so-called Montgomery operation (cf. [16]). We denote by Cs , respectively Csf ,
the family of all unions of scattered, respectively scattered and finite, families of elements
of C .
Recall now a few facts that will be important in the sequel. It is not difficult to verify
the first one (cf. [7, Lemma 2.2(a),(c)]).
Fact 1.
(a) Let S and T be two scattered (respectively σ -scattered) families of sets in a
topological space X. Then the family S ∧ T is scattered (respectively σ -scattered).
(b) Let Sa , a ∈ A, be scattered families of subsets of a topological space X and let the
family {⋃Sa : a ∈ A} be scattered, too. Then the family ⋃{Sa : a ∈A} is scattered.
The following Fact 2(a) can be found, e.g., in [7, Lemma 2.3]. Fact 2(b) follows
immediately from an unpublished manuscript [8], see also [14, Lemma 0].
Fact 2.
(a) Let S be a scattered family of subsets of X. Then there is a set Ŝ ∈ F ∧ G for each
S ∈ S such that Ŝ ⊃ S and such that the family Ŝ = {Ŝ: S ∈ S} is scattered.
(b) The family S ⊂ F ∧ G of subsets of a topological space X is scattered if and only
if there are open sets Uα, α ∈ [0, κ], for some ordinal κ such that U0 = ∅, Uκ =
X, Uα ⊂ Uβ for 0 α < β  κ , and finally S ⊂ {Uα+1 \Uα: α ∈ [0, κ)}. For S finite
κ can be chosen finite as well.
The unions of scattered families of sets from F ∧ G are called H -sets or resolvable sets
(cf. [10,16] or [15]). We denote by H(X) or H the family of all H -sets in X. It follows
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easily from Fact 2(b) that the more common definition of H -sets is equivalent with our
above definition and so H(X) is an algebra (e.g., by [16, §12, VI, Theorem 1]).
Moreover, by Fact 2(b) again, the complement of the union of a finite scattered family
of sets from F ∧ G is of the same form. Let us use Hf (X) or Hf to denote this subclass
ofH. Using Fact 1(a) we get thatHf (andH) is closed to finite intersections, and therefore
we have
Fact 3. Let X be a topological space. Then the classes H(X) and Hf (X) are algebras of
subsets of X.
In particular, we get that Hf = algF(X).
Fact 3, together with the equality M1(X) = {X \A: A ∈A1(X)}, imply
Fact 4. In a topological space X, the following equalities hold true:
• A1 = (F ∧ G)σ = {⋃S: S ⊂F ∧ G and S is countable and pairwise disjoint},
• M1 = (F ∨ G)δ , and
• (F ∧ G)s = (algF)s =H.
To study classes of scattered-Borel sets, the following fact is still useful.
Fact 5. Let Z be some collection of subsets of a topological space X which contains the
algebra H and which is closed to finite unions and finite intersections.
(a) Then Zσs ⊂Zsσ , and so Zsσ s =Zsσ .
(b) Then Zδs ⊂Zsδ , and so Zsδs =Zsδ .
(c) Then Zsc ⊂Zcsσ .
Proof. The first claim of (a) does not need any assumption on Z . Let {⋃n∈NZan: a ∈A}
be a scattered family and Zan ∈ Z for a ∈ A and n ∈ N. Then the families {Zan: a ∈ A}
are obviously scattered too and
⋃
a∈A
⋃
n∈NZan =
⋃
n∈N
⋃
a∈AZan. The other claim of
(a) follows now from Fact 1(b).
To prove (b) we suppose that Zan ∈ Z , a ∈ A, n ∈ N, are given and the family
{Za =⋂n∈NZan: a ∈ A} is scattered. We use Fact 2(a) and we keep the notation Ẑa
used there. By the assumptions on Z the sets Ẑan = Ẑa ∩ Zan, a ∈ A, belong to Z and
form scattered families for every n ∈ N. Now ⋃a∈A⋂n∈NZan =⋂n∈N⋃a∈A Ẑan. The
other claim of (b) follows again by Fact 1(b).
It remains to prove (c). Let Za ∈Z , a ∈ A, form a scattered family. Using Fact 2(a) we
have a scattered family {Ẑa: a ∈A} of elements of F ∧G ⊂H⊂Z ∩Zc . The sets Ẑa \Za
belong to Zc because Z is closed to finite unions. Thus
⋃
a∈A(Ẑa \ Za) ∈ Zcs . The set⋃
a∈A Ẑa is in Z , and so X \
⋃
a∈AZa = (
⋃
a∈A(Ẑa \Za))∪ (X \
⋃
a∈A Ẑa) ∈Zcsσ . 
We recall now the definition of the σ -algebra of scattered-Borel sets. These sets coincide
with Borel sets in spaces having countable weight. They coincide with extended Borel sets
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of Hansell (see [5,6]) in metric spaces and with bi-Souslin(H) sets in absolute Souslin(H)
spaces (as follows combining [11, Theorem 3(b)] and [4, Theorem 6.28]).
Definition 1.2. Let X be a topological space. The family of all scattered-Borel sets in X is
the smallest σ -algebra Bs(X), containing all closed subsets of X, that is closed to scattered
unions (equivalently, to Montgomery operation).
We shall define a hierarchy of classes of scattered-Borel sets.
Definition 1.3. Let X be a topological space. Put (F ∨ G)s0 = F ∨ G and (F ∨ G)sα =
((F ∨G)s<α)sδ if α is an odd ordinal and (F ∨G)sα = ((F ∨G)s<α)sσ if α is an even ordinal
greater than zero, where (F ∨ G)s<α =
⋃{(F ∨ G)sβ : β < α}.
Similarly we put (F ∧ G)s0 = F ∧ G and (F ∧ G)sα = ((F ∧ G)s<α)sσ if α is an odd
ordinal and (F ∧ G)sα = ((F ∧ G)s<α)sδ if α is an even ordinal greater than zero, where
(F ∧ G)s<α =
⋃{(F ∧ G)sβ : β < α}.
We may notice that, if X is a metric space and α > 0, then (F ∨ G)sα = Gα and
(F ∧ G)sα = Fα , where Gα and Fα are the classes introduced by Hansell in [5,6], as the
union of a scattered family of sets of class α > 0 is a σ -discrete union of sets of class α.
However there are other natural ways how to build up the classes of scattered-Borel subsets
of topological spaces using the operations of scattered unions, of countable unions, and of
countable intersections in various orders. One alternative, suitable for our characterization
of multiplicative classes in Theorem 3.4 below, is the scale of multiplicative classes Msα
and additive classes Asα of Definition 1.4.
Definition 1.4. Let X be a topological space. Denoting As0 = Ms0 = H, we define
recursively the additive classes Asα = (Ms<α)sσ and the multiplicative classes Msα =
(As<α)δ , where Ms<α =
⋃{Msβ : β < α} and As<α =⋃{Asβ : β < α} for ordinals α  1.
We add some observations concerning the introduced classes of scattered-Borel sets.
The hierarchies may not stabilize at ω1 (see [6, Theorem 2.14] for a stronger result).
In any case, the upper bound for stabilization on an infinite space X is the first ordinal of
cardinality strictly greater than the weight of X.
For odd ordinals α we have that (F ∨ G)sα =Msα by Fact 5(a) and for even ordinals
α  1 that (F ∨G)sα =Asα . It is not difficult to check that the other “corresponding” classes
of Definitions 1.3 and 1.4 do not differ in spaces of countable weight but they may differ
for some classes with α  ω1. Whereas the classes (F ∧G)sα consist of all complements to
elements of (F ∨G)sα , it is not the case for the classesMsα andAsα . Also, the multiplicative
classes Msα yield nothing new for each uncountable limit ordinal and still the hierarchy
need not be stabilized at such an ordinal yet.
We point out a few further properties of our “scattered hierarchies”. They are elementary
but one should be a bit careful because the corresponding multiplicative and additive
classes are not complementary. But Lemma 1.5(c) provides a sufficient substitute.
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Lemma 1.5. Let X be a topological space. Then the respective classes in X fulfill:(a) The classes Asα and Msα are closed to finite unions and finite intersections.
(b) Asα ⊂Asβ ∩Msβ and Msα ⊂Msβ ∩Asβ for α < β .
(c) (Asα)c ⊂Msα+1 and (Msα)c ⊂Asα+1.
(d) L=Msγ ∩ (Msγ )c is an algebra, As<γ ⊂ L, and so Lδ =Msγ .
(e) The classes Asα and (Asα)c are closed to scattered unions, i.e., (Asα)s = Asα and
(Asα)cs = (Asα)c.
(f) L=Asγ ∩ (Asγ )c is and algebra which is closed to scattered unions, Ms<γ ⊂ L, and
so Lσ =Asγ .
Proof. As H =As0 =Ms0 is an algebra, it satisfies (a). Suppose further that (a) holds for
all ordinals β < α for a fixed ordinal α > 0.
The additive class Asα is obviously closed to finite unions. It remains to check that it is
closed to finite intersections. Let A =⋃a∈AM1a ∩⋃b∈B M2b , where M1a ∈Ms<α for a ∈ A,
M2b ∈Ms<α for b ∈ B , and the families {M1a : a ∈ A} and {M2b : b ∈ B} are σ -scattered.
Then A =⋃a∈A⋃b∈B(M1a ∩M2b ) and {M1a ∩M2b : a ∈ A, b ∈ B} is a σ -scattered family
of elements ofMs<α by Fact 1(a) and by the induction assumption.
The multiplicative class Msα is clearly closed to finite intersections. So let us verify
that it is closed to finite unions. Let M =⋂n∈NA1n ∪⋂n∈NA2n, where A1n ∈ As<α and
A2n ∈As<α for n ∈ N. Then M =
⋂
k∈N(
⋂k
n=1 A1n ∪
⋂k
n=1 A2n). Indeed any element of the
right-hand side belongs to
⋂k
n=1 Ain for infinitely many k’s for some i ∈ {1,2} and thence
also to
⋂
n∈NAin ⊂ M . By the inductive assumption the sets
⋂k
n=1 A1n ∪
⋂k
n=1 A2n are in
As<α and this concludes the proof of (a).
The property (b) can be proved by induction in a straightforward way.
Let us show the inductive argument proving (c). Of course, (As0)c = (Ms0)c = H ⊂
Ms1 ∩ As1. Suppose that the claim holds for all β < γ . Then (Asα)c = (Ms<α)sσc =
(Ms<α)scδ ⊂ (Ms<α)csσδ ⊂ (Asα)sσδ = (Asα)δ = Msα+1. Here we used successively the
definition of the additive class Asα , de Morgan’s rule, Fact 5(c), the inductions hypothesis,
the σ -scattered additivity of Asα , and the definition of the multiplicative class Msα+1.
The other inclusion follows in a simpler way. We have (Msα)c = (As<α)δc = (As<α)cσ ⊂
(Msα)σ =Asα+1.
The family L in (d) is an algebra by (a). The inclusion As<γ ⊂ L follows from
(b) and (c). Thus the last equality follows from the inclusions Lδ ⊂ (Msγ )δ = Msγ =
(As<γ )δ ⊂ Lδ .
To prove (d) realize that (Asα)s = (Ms<α)sσs = (Ms<α)sσ =Asα by Fact 5(a) and (a) of
this lemma.
By Fact 5(c), (Asα)csc ⊂ (Asα)ccsσ ⊂ (Asα)sσ ⊂ Asα using the fact that (Asα)s = Asα
which we have just proved.
The statements of (e) follow from (a), (b), and (d). 
The classes (F ∨ G)sα and (F ∧ G)sα are complementary and so the corresponding
properties are easier to describe. In particular, we have
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Lemma 1.6. (F ∨ G)s = (∆s )δ and (F ∧ G)sα = (∆sα)δ for even ordinals α, whereα+1 α+1
∆sβ = (F ∨ G)sβ ∩ (F ∧ G)sβ for all ordinals β .
2. Lower classes
Before starting with the proper subject of this section, which is the characterization
of the absolute first multiplicative classes, we mention properties connected with some
“bottom” absolute classes. A topological space X is called C-scattered if for any nonempty
closed F ⊂ X, there is a nonempty relatively open subset U of F with compact closure.
In the following proposition, we use a convention that if P is a topological property then a
topological space X is said to be σ -P if X =⋃n∈NXn and each Xn has the property P .
Proposition 2.1. Let X be a Tychonoff space.
(a) X is absolute F ∧ G iff X is locally compact.
(b) X is absoluteHf iff X is a finite union of locally compact subspaces.
(c) X is absoluteH iff X is C-scattered.
(d) X is absolute A1 iff X is σ -locally compact.
(e) X is absolute As1 iff X is σ -C-scattered.
Proof. To see the “only if” parts of cases (a)–(e), it is enough to embed X into a compact
space K . Realize that elements of the class (a) (F ∧ G)(K), (b) Hf (K), (c) H(K), (d)
A1(K) and (e) As1(K) have a topological property used in the corresponding item of
Proposition 2.1.
The “if” parts are treated separately:
(a) Let X be a locally compact subspace of a regular space Y . For x ∈ X, take an
open neighbourhood Ux of x in Y such that Ux ∩XX is compact. Notice that then
Ux ∩XX = Ux ∩XY . Put Z = XY ∩⋃{Ux : x ∈ X}. Clearly Z ⊇ X. We prove Z ⊆ X.
Suppose z ∈ Z \ X, i.e., there is x0 ∈ X with z ∈ Ux0 ∩ XY ⊂ Ux0 ∩XY . As z /∈ X it
implies that Ux0 ∩XX is not compact—a contradiction.
(b) Let X =⋃ni=1 Li so that each Li is locally compact. Let X be a subspace of a regular Y .
By (a), Li ∈ (F ∧ G)(Y ) for i = 1, . . . , n and so X ∈ algF(Y ) and as mentioned in Fact 3,
algF(Y ) =Hf (Y ).
(c) Let X be a C-scattered subspace of a regular Y . There is a scattered collection S =
{Sι: ι < α} in Y , where α is an ordinal, such that for each ι < α, (Sι ∩X)\⋃{Sξ : ξ < ι} =
Zι is locally compact as a subspace of X and
⋃{Zι: ι < α} = X. By (a), Zι ∈ (F ∧G)(Y ),
so X ∈H(Y ).
Finally, the claim (d) (respectively (e)) follows immediately from (a) ((c), respec-
tively). 
In Theorems 2.4 and 2.5 we give internal characterizations of the absoluteM1 (=Hfδ )
and absolute Ms1 (= Hδ) spaces. The equivalence of (a) and (b) of both Theorem 2.4
and Theorem 2.5 can be found in [14, Theorems 5 and 11]; in the case of Theorem 2.4
also in [22]. We obtain it here naturally in a different way when deriving the internal
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characterizations (c) of Theorems 2.4 and 2.5 in terms of complete sequences of covers.
Before formulating the theorem, we recall
Definition 2.2. A sequence of covers Cn, n ∈ N, of a topological space X is complete if
every nontrivial filter U on X, which contains some Cn ∈ Cn for every n ∈N, has a cluster
point in X, i.e., if
⋂{U : U ∈ U} = ∅.
We shall use later that Cn is a complete sequence of covers of a regular space X if and
only if given a (centered) sequence Cn ∈ Cn there is a (nonempty) compact set K ⊂ X
such that for every open U ⊃ K we have C1 ∩ · · · ∩Cn ⊂ U for n sufficiently large (see,
e.g., [12, Proposition 1]). The last property is abbreviated by saying that the decreasing
sequence C1 ∩ · · · ∩Cn converges to K . It can be equivalently formulated by saying that,
given a decreasing sequence of sets Sn such that Sn ⊂ Cn for some Cn ∈ Cn, the sequence
Sn converges to a compact set K .
We shall use the easy fact that the sequence of coversDn is complete if each cover from
Dn refines some cover from Cn (shortly Dn ≺ Cn) and Cn form a complete sequence of
covers.
To make our statements shorter, we introduce a notation.
Definition 2.3. Let Z be a family of subsets of a topological space X. We say that a
family C of subsets of X is sf -Z-relatively open if there are (finitely many) families
Gk, k = 1, . . . , n, such that C =⋃nk=1 Gk for some n ∈N and
– Sk =⋃Gk ∈Z for k = 1, . . . , n,
– the family Gk is relatively open in Sk for k = 1, . . . , n, and
– the family {Sk: k = 1, . . . , n} is scattered.
Theorem 2.4. Let X be a Tychonoff space. Then the following are equivalent:
(a) The space X is inM1(Y ) in any regular topological space Y in which X is embedded.
(b) The space X is in M1(K) for some compact space K .
(c) There is a complete sequence of sf -F ∧ G-relatively open covers Cn of X.
Proof. (a) implies (b) because X, as a Tychonoff space, may be embedded to some
Tychonoff cube.
To prove that (b) implies (c) let X be a subspace of a compact space K and X =⋂∞
n=1 An, with An ∈ algF(K). By Fact 3 above each An is the union of a finite scattered
family Ŝn of F ∧ G subsets of K .
Further, every set S ∈ Ŝn can be covered by a family ĜnS of nonempty and relatively open
subsets G of S fulfilling that G ⊂ S. This follows easily as K is regular and S ∈F∧G in K .
In particular, G ⊂ An for G ∈ ĜnS . We put GnS = {G∩X: G ∈ ĜnS } and Cn =
⋃{GnS : S ∈ Ŝn}.
If U is a filter containing an element Cn ∈ Cn for every n ∈N, then⋂n∈NCn is a nonempty
compact subset of K , and as Cn ⊂ An for n ∈ N, it follows that ⋂n∈NCn ⊂ X. Therefore
also
⋂{U : U ∈ U} ⊂ X and the filter U has a cluster point in X.
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It remains to prove that (c) implies (a). Let X be a topological subspace of Y . Let Cn
be a complete sequence of sf -F ∧ G-relatively open covers of X. Thus we have that Cn =⋃j (n)
i=1 Gni , where Gni is a relatively open cover of Sni =
⋃Gni , and Sn = {Sn1 , . . . , Snj (n)} is a
scattered partition of X.
Considering S1 ∧ · · · ∧ Sn instead of Sn, using Fact 1(a), and correspondingly the
families {G1i1 ∩ · · · ∩ Gnin : i1  j (1), . . . , in  j (n)} instead of Gni ’s, we see that we may
suppose that Sn+1 refines Sn (and Cn+1 ≺ Cn).
Using Fact 2(b), we may suppose that Uni =
⋃i
j=1 Sni are open in X. For i =
0,1, . . . , j (n) put Ûni = Y \ X \Uni , where Un0 = ∅. We denote Ŝni = Ûni \ Ûni−1 for
i = 1, . . . , j (n). Notice that Ŝn+1 ≺ Ŝn, where Ŝ k = {Ŝ k1 , . . . , Ŝ kj (k)}.
A key observation is that Ŝni ⊂ Sni . Indeed, y ∈ Ûni means that y /∈ X \Uni , and y /∈ Ûni−1
means that y ∈X \Uni−1, and so y ∈ Ŝni implies that y ∈ Uni \Uni−1 = Sni .
Now for each C ∈ Cn we find the only in(C) ∈ {1, . . . , j (n)} such that C ⊂ Snin(C) and
let Ĉ be a relatively open subset of Ŝnin(C) such that Ĉ ∩X = C. Put Ĉn = {Ĉ: C ∈ Cn}. We
claim that
X =
∞⋂
n=1
⋃
Ĉn. (=)
The inclusion X ⊂⋂∞n=1⋃ Ĉn is obvious since X ⊂⋃Cn ⊂⋃ Ĉn for every n ∈N.
Let x ∈⋂∞n=1 Ĉn, where Ĉn ∈ Ĉn. There is the only in(x) with Ĉn ⊂ Ŝnin(x), and Ĉn is
relatively open in Ŝnin(x), for every n ∈ N by the choice of the sets Ĉ for C ∈ Cn. For k ∈ N
the intersection Ĉ1 ∩ · · · ∩ Ĉk is relatively open in Ŝ kik (x) ⊂ Skik(x) and it contains x . Here
we used that Sn+1 refines Sn. So the set Ĉ1 ∩ · · · ∩ Ĉk ∩Ux ∩ Skik(x) is nonempty whenever
Ux is an open neighbourhood of x . It follows that there is a filter U in X containing
Cn for every n ∈ N and Ux ∩ X for every open neighbourhood Ux of x in Y . By the
completeness of the sequence of covers Cn in X, and by the regularity of Y , we get that
{x} =⋂{U : U ∈ U} ⊂ X and thus the inclusion⋂n∈N⋃ Ĉn ⊂ X is proved.
Finally,
⋃ Ĉn =⋃j (n)i=1
⋃{Ĉ: C ∈ Gni } is a finite union of elements of F ∧ G in Y (as⋃{Ĉ: C ∈ Gni } is relatively open in the set Ŝni which is in (F ∧G)(Y )) and so X ∈ (algF)δ
by the equality (=). 
Our next Theorem 2.5 says that the absolute Hδ Tychonoff spaces are exactly the
partition complete spaces of Telgársky and Wicke [25], i.e., spaces having a complete
sequence of scattered partitions, or equivalently, the spaces admitting a complete sequence
of “exhaustive” covers studied by Michael in [18]. This class of spaces has got several
other names, the terms like cover-complete [9], scattered-complete [4], or scattered-K-
complete [13] were used.
Theorem 2.5. Let X be a Tychonoff space. Then the following are equivalent:
(a) The space X is anMs1(Y ) (=Hδ(Y )) set in any regular topological space Y in which
X is embedded.
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(b) The space X is an Ms (K) (=Hδ(K)) subset of some compact space K .1
(c) There is a complete sequence of scattered covers of X.
Proof. The implication (a) implies (b) is again obvious. To prove that (b) implies (c), let
us suppose that X =⋂∞n=1 Hn, where Hn ∈H(K) for some compact space K .
Thus there are ordinals κn, nondecreasing transfinite sequences Unα , α ∈ [0, κn), of open
sets, and sets In ⊂ [0, κn) such that Hn =⋃α∈In(Unα+1 \Unα ) by Fact 2(b).
Let Gnα be a relatively open cover of (Unα+1 \ Unα ) ∩ X by sets G ⊂ X such that GK ⊂
Unα+1 \Unα . By well-ordering the elements of each Gnα in an arbitrary way and subtracting
the sets which precede G in Gnα , we get a scattered cover Cnα of
⋃Gnα = (Unα+1 \ Unα ) ∩ X
by sets C such that CK ⊂ Unα+1 \Unα .
By Fact 1(b), Cn =⋃α∈In Cnα is a scattered cover of X.
Considering any filter U ⊂ expX with Cn ∈ U ∩ Cn for some Cn’s, we have that
L =⋂{FK : F ∈ U} is a nonempty compact subset of K . As L ⊂⋂∞n=1 Cn ⊂ X, we
get
⋂{FX: F ∈ U} = ∅ and (c) is verified.
It remains to prove that (c) implies (a). By (c) and Fact 1(a) we may suppose that
we have a complete sequence of scattered covers Cn of X such that Cn+1 refines Cn. Let
Cn = {Cnα : α ∈ [0, κn)} and {Unα : α ∈ [0, κn)} be nondecreasing sequences of open subsets
of X such that Cnα = Unα+1 \Unα , and Un0 = ∅ (Cn ⊂ F ∧ G being a scattered partition and
we may use Fact 2(b)).
Put Ûnα = Y \ X \Unα for α ∈ [0, κn). There are relatively open covers of each Ŝnα =
Ûnα+1 \ Ûnα consisting of sets G such that G ⊂ Ŝnα . Similarly as in the proof of the
implication (b) implies (c), we may get scattered covers Ĝnα of Ŝnα with G ⊂ Ŝnα for every
G ∈ Ĝnα . Moreover, each such G is in F ∧ G and thus belongs to H.
Finally, we put Ĉn =⋃α∈[0,κn) Ĝnα and claim that
X =
⋂
n∈N
⋃
Ĉn.
The last equality can be proved similarly as the equality (=) above and therefore we omit
its proof.
By Fact 2(b) the family {Ŝnα =
⋃ Ĝnα : α ∈ [0, κn)} is scattered and thus using Fact 1(b)
we get that the sets
⋃ Ĉn belong to H. 
3. Higher classes
We give internal descriptions of higher (scattered-) Borel classes in terms of complete
sequences of covers. Of course, it is sufficient to describe the multiplicative classes. Indeed,
then the sets of the additive class, being a countable, respectively σ -scattered, union of sets
of lower multiplicative classes, may be characterized easily (see Corollaries 3.6 and 3.10
below). We use the results of the previous section for the first multiplicative classes and
proceed by induction.
Proving Theorems 3.4 and 3.8, we need the following “reduction principles”. Lemma 3.1
is a slightly generalized version of theorems [16, § 30, V, Theorems 1, 2].
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Lemma 3.1.(a) Let L be an algebra of subsets of X andA be a countable family of sets from Lσ . Then
there is a countable family R⊂ L of pairwise disjoint sets such thatR≺A.
(b) Let L be an algebra of subsets of X and M be a countable family of sets from Lδ .
Then there is a countable family R⊂ Lδ of pairwise disjoint sets such that R≺M.
(a′) Let X be a topological space and A be a countable family of sets from Aβ(X) for
some β ∈ [0,ω1). Then there is a countable familyR⊂Aβ(X)∩Mβ(X) of pairwise
disjoint sets such that R≺A. For β = 0, we may even get R⊂F ∧ G.
(b′) Let X be a topological space and M be a countable family of sets from M<β(X) for
some β ∈ [1,ω1). Then there is a countable familyR⊂M<β(X) of pairwise disjoint
sets such that R≺M. For β = 1, we may even get R⊂F ∧ G.
The part (a) can be proved following the proof of [16, §30, V, Theorem 1].
The part (b) can be proved following the proof of [16, §30, V, Theorem 2].
(Observe also that the proofs of Lemma 3.2(a) and (b) apply, with small simplifications,
to get Lemma 3.1(a) and (b).)
The part (a′) follows from (a) if we put L= ∆β(X) =Aβ(X)∩Mβ(X), the algebra of
sets of ambiguous class β .
Part (b′) follows from (b) if we put L=⋃{∆γ (X): γ < β}, where ∆γ (X) =Aγ (X)∩
Mγ (X) is the algebra of sets of ambiguous class γ . Then clearly Lδ =M<β .
Notice that L = algF(X) both for β = 0 in (a′) and for β = 1 in (b′). As algF(X)
consists of finite scattered (in particular, disjoint) unions of elements of F ∧ G by Fact 3
above,R⊂F ∧ G in this case.
The following lemma will be useful for the description of hierarchies of scattered-Borel
sets.
Lemma 3.2.
(a) Let L be an algebra of subsets of a topological space X such that Ls = L. Let S be a
σ -scattered family of elements of Lσ . Then there is a σ -scattered and disjoint family
R of elements of Lσ such that R≺ S .
(b) Let L⊃H be an algebra of subsets of a topological space X. Let S be a σ -scattered
family of elements of Lδ . Then there is a σ -scattered and disjoint familyR of elements
of Lδ such thatR≺ S .
(a′) Let X be a topological space andA be a σ -scattered family of elements ofAsβ(X) for
some β  0. Then there is a σ -scattered family R⊂Asβ(X) of pairwise disjoint sets
such that R≺A. For β = 0, we may even get R⊂ F ∧ G.
(b′) Let X be a topological space andM be a σ -scattered family of elements ofMs<β(X)
for some β  1. Then there is a σ -scattered familyR⊂Ms<β(X) of pairwise disjoint
sets such that R≺M. For β = 1, we may even get R⊂F ∧ G.
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Proof. (a) Let S = {Sa : a ∈ A} ⊂ Lσ be a σ -scattered family and Sa =⋃n∈N San , where
San ∈ L for every a ∈ A and n ∈ N.
There are Am ⊂ A such that A=⋃m∈NAm and the families {Sa : a ∈ Am} are scattered.
Put Sm,n = {San : a ∈ Am}, m,n ∈ N, and let < be a well-ordering of N2. Then the
family R= {San \
⋃
(i,j)<(m,n)
⋃Si,j : a ∈ Am, m,n ∈ N} has the required properties.
(b) Due to the assumptions there are scattered families Sn ⊂ Lδ such that S =⋃∞n=1 Sn.
By Fact 2(a) there are sets Ŝ ⊃ S from F ∧ G for S ∈ Sn such that each Ŝn = {Ŝ: S ∈ Sn}
is scattered.
Put R1 = S1 and let σ -scattered subfamilies R1, . . . ,Rn of Lδ be already defined for
some n ∈ N such that⋃nk=1Rk ≺⋃nk=1 Sk .
Now for each Sk ∈ Sk the set Ŝ k \ Sk is in Lσ since Ŝ k ∈F ∧ G ⊂H⊂ L and Sk ∈Lδ .
So there are Ski ∈ L such that Ŝ k \ Sk =
⋃∞
i=1 Ski and such that the family {Ski : i ∈ N} is
disjoint. Let Hk denote the complement to ⋃ Ŝk , which belongs to H, and so to L.
Using that the operation ∧ defined above is associative, we define the family
Rn+1 = Sn+1 ∧
({
S1i : S
1 ∈ S1, i ∈ N
}∪ {H 1})∧ · · ·
∧ ({Sni : Sn ∈ Sn, i ∈ N
}∪ {Hn})
and put R=⋃n∈NRn. It is not difficult to check that R has the required properties. (We
may use Fact 1(a) and the fact that L is closed to finite intersections.)
(a′) It suffices to put L=Asγ ∩ (Asγ )c and notice that by Lemma 1.5(f), L is an algebra
with Lσ =Asγ which is closed to scattered unions. Thus (a) applies.
(b′) It suffices to put L =Ms<γ ∩ (Ms<γ )c and notice that by Lemma 1.5(d), L is an
algebra with Lδ =Ms<γ . Thus (b) applies.
The case of A,M⊂H follows from Facts 3 and 4. 
Before stating Theorem 3.4 we introduce an abbreviation for a property of covers, useful
for its formulation.
Definition 3.3. Let Z be a collection of subsets of a topological space X. We say that a
family C of subsets of X is σ -Z-relatively open if there are (countably many) families Gk ,
k ∈ N, such that C =⋃k∈N Gk and, for every k ∈ N:
–
⋃Gk ∈Z , and
– Gk is a relatively open collection in
⋃Gk .
Theorem 3.4. Let X be a Tychonoff space and α  2 be a countable ordinal. Then the
following assertions are equivalent:
(a) The space X is in the multiplicative Borel classMα(Y ), whenever it is embedded into
some regular space Y .
(b) The space X is in the multiplicative Borel class Mα(K) in some compact space K
containing X as a subspace.
(c) There is a complete sequence of covers Cn of X and there are βn < α, n ∈N, such that
Cn is a σ -M<βn-relatively open family for every n ∈N.
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(d) There is a complete sequence of covers Cn of X and there are βn < α, n ∈N, such that
Cn is a σ -Aβn -relatively open family for every n ∈ N.
Proof. As the Tychonoff space X may be embedded in a Tychonoff cube, (a) implies (b).
Now we prove that (b) implies (c). Cases α = 0 and α = 1 are not treated in this theorem,
however they are needed to start an induction process. Nevertheless, it will be sufficient to
observe that by Theorem 2.4, if α = 0 or α = 1 and X is absolute Mα , then X has a
complete sequence of σ -M0-relatively open covers. Therefore we may assume at the step
α  2 that, for all β < α, the following claim is true.
(c′) If X is absolute Mβ , then there is a complete sequence of σ -Mβ -relatively open
covers on X.
Notice that (c′) is weaker than (c) of the theorem.
Let X ∈ Mα(K), α  2, and (c′) be proved for all β < α. So there are sets Mnk ∈
Mγ nk (K), γ nk < βn for some βn < α, such that X =
⋂
n∈N
⋃
k∈NMnk . By Lemma 3.1(b′)
we may suppose that the families Pn = {Mnk : k ∈ N} are disjoint. Without loss of
generality, we may suppose that each element of Pn+1 is contained in some element of
Pn for each n ∈N.
Now we use (c′) on each Mnk and get complete sequences {Cnk (m)}m∈N of σ -Mγ nk -
relatively open covers of Mnk .
Since the families {Mnk : k ∈N} are disjoint, the families Cn(m) =
⋃
k∈N Cnk (m), n ∈ N,
form a complete sequence of covers of the union
⋃
k∈NMnk for every n ∈ N. We put
Cn = {X} ∧ (C1(1) ∧ · · · ∧ C1(n)) ∧ · · · ∧ Cn(1). Realize that for each nonempty C ∈ Cn
then there is a unique Mn(C) ∈ Pn containing C; in fact, it is true for any i ∈ {1, . . . , n},
i.e., ∀i ∈ {1, . . . , n}∃!Mi(C) ∈ Pi : Mi(C) ⊇ C. As M ∈ Pi , M ′ ∈ Pi′ , i < i ′ are either
disjoint or M ⊇ M ′, it follows that C is relatively open in Mn(C). It is not difficult to
verify that Cn form the complete sequence of covers from (c). Indeed, the elements of
Cn are in M<γn(X), where γn = max(β1, . . . , βn) < α and, given a nontrivial filter U
containing an element of Cn ∈ Cn for every n, we have that it has an accumulation point
in
⋂∞
n=1 Cn ⊂
⋂∞
n=1 Mnkn ⊂ X for some kn, n ∈ N. Here we use that Pn’s are disjoint and
each element of Pn+1 is contained in some element of Pn again.
As (c) implies (d) obviously, it remains to prove that (d) implies (a). Let α  2. Suppose
that X is embedded into a regular space Y and there is a complete sequence of σ -Aβn -
relatively open covers Cn from (d). It means that there are Ank ∈Aβn and relatively open
covers Gnk of Ank , k ∈ N, such that Cn =
⋃
k∈N Gnk . For each Ank take Ânk ∈ Aβn(Y ) such
that Ânk ∩ X = Ank . By Lemma 3.1(a′) there is a disjoint countable family Rn ⊂ Aβn(Y )
with Rn ≺ {Ânk : k ∈ N}. Finally we define Pn = Rn ∧ {X}. Let P ∈ Pn and R ∈Rn be
such that P = R ∩X. It is easy to see that we may find a P̂ ∈Aβn(Y ) so that P̂ ∩X = P ,
P̂ ⊂ R∩P and a kn(P ) ∈N so that P ⊂ Ankn(P ). Put Tn(P ) = Gnkn(P ) ∧{P } for P ∈ Pn and
Tn =⋃{Tn(P ): P ∈ Pn}. Note that each Tn is σ -Aβn(X)-relatively open for each n ∈ N
and the sequence {Tn}n∈N is complete because Tn ≺ Cn. It is not difficult to realize that we
may chooseRn’s so that, using the notation P̂n = {P̂ : P ∈Pn}, we have that each element
100 P. Holický, J. Pelant / Topology and its Applications 141 (2004) 87–104
of Pn+1 is contained in some element of Pn. By the former choice we have that P̂ ⊂ P for
P ∈ Pn.
Now, as G ∈ Tn(P ) is relatively open in P ∈ Pn, the set Ĝ = P̂ \ P \GY is open in
P̂ and Ĝ ∩ X = G. Thus each Q̂n(P ) =⋃{Ĝ: G ∈ Tn(P )} is in Aβn(Y ). So (a) will be
proved by showing that X =⋂n∈N⋃P∈Pn Q̂n(P ).
As the inclusion X ⊂⋂n∈N⋃P∈Pn Q̂n(P ) is obvious, it remains to prove the other
inclusion. Let x ∈ Ĝn for some Gn ∈ Tn(Pn) if n ∈ N, in particular, x ∈ GnY for n ∈N. By
our choice of the families P̂n, we observe that P̂n+1 ⊂ P̂n. Let us consider the family of
intersections of the form G1 ∩· · ·∩Gn ∩Ux , where Ux is an arbitrary open neighbourhood
of x in Y . It forms a filter base since x ∈ Ĝn ⊂ P̂n ⊂ Pn and x /∈ Pn \Gj for j = 1, . . . , n
implies that x ∈ ⋂nj=1 Gj . So ⋂nj=1 Gj ∩ Ux is nonempty and thus the intersection⋂{
Ux ∩XX: Ux open neighbourhood of x in Y
}
is a nonempty subset of X by the
completeness of the sequence of covers Tn in X and, by the regularity of Y , it coincides
with {x}. Thus x ∈X and the proof is finished. 
As an immediate corollary we get:
Theorem 3.5. Let X be a Tychonoff space. Then X is an absolute Borel set iff there is a
complete sequence of σ -B(X)-relatively open covers of X.
Proof. As each absolute B space is in Mα(K) for some ordinal α < ω1 and some
compactification K of X, it is absolute Mα by the implication (b) implies (c) of
Theorem 3.4. Conversely, if we have the complete sequence of covers from the claim of
the theorem, then the n-th cover consists of relatively open covers of countably many sets
Ank ∈ B(X), k ∈N, by Definition 3.3. Then there are countable ordinals αnk with Ank ∈Aαnk .
If α = sup{αnk : n, k ∈N}, then X is an absoluteMα+1 space by the implication (d) implies
(a) of Theorem 3.4. 
Note that the claim of Theorem 3.5 could be derived also from [21, Theorem 4.6].
For completeness, we formulate characterizations of additive classes for α > 1 based
on (c) of Theorem 3.4. Of course, a similar characterization could be obtained also when
applying (d) of Theorem 3.4.
Corollary 3.6. Let X be a Tychonoff space and α > 1 be an ordinal number. Then X is
an absolute Aα space iff X can be partitioned into {Xn}n∈N so that for every n ∈ N, there
is a complete sequence of covers Cnj , j ∈ N, of Xn such that there are ordinals βnj with
βnj + 1 < α and Cnj is a σ -M<βnj (Xn)-relatively open family.
Proof. We may proceed similarly as in the proof of Theorem 3.5. The “if” part is quite
clear. The “only if” part can be seen easily when we embed X into a compact space. 
For the sake of brevity again, we introduce a notation:
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Definition 3.7. Let Z be a collection of subsets of a topological space X. We say that a
family C of subsets of X is sσ -Z if there are scattered families Ck ⊂ Z , k ∈ N, such that
C =⋃k∈N Ck .
Theorem 3.8. Let X be a Tychonoff space and α > 1 be an ordinal. Then the following are
equivalent:
(a) X ∈Msα(Y ) for every regular Y containing X as a subspace.
(b) X ∈Msα(K) for some compact space K extending X.
(c) There is a complete sequence {Tn}n∈N on X such that for each n ∈ N, there is an
ordinal βn < α so that Tn is an sσ -Ms<βn cover.(d) There is a complete sequence {Tn}n∈N on X such that for each n ∈ N, there is an
ordinal βn < α so that Tn is an sσ -Asβn cover.
Proof. Statements in (a), (b), (c) and (d) remind those in Theorem 3.4. Not only this, but
the proof may be done following the same reasoning, replacing Lemma 3.1 by Lemma 3.2
and Theorem 2.4 by Theorem 2.5. We only have to replace the properties “σ -Mα-relatively
open” and “σ -Aα-relatively open” by the properties “sσ -Msα” and “sσ -Asα”. To transfer
(c′), realize firstly that each H ∈Hδ(K) has a complete sequence of scattered covers, in
particular these covers are sσ -Ms0. So (c′) gets this form:
(c′) If X is absoluteMsβ , then there is a complete sequence of sσ -Msβ covers on X. 
So we get our main result on scattered-Borel sets.
Theorem 3.9. Let X be a Tychonoff space. Then X is an absolute scattered-Borel set iff
there is a complete sequence of sσ -Bs(X) covers of X.
Let us remark that another characterization of absolute scattered-Borel sets is given
in [12, Theorem 7]. We conclude this section by stating an analogue of Corollary 3.6
for additive classes of scattered-Borel sets. Also here we could apply (d) of Theorem 3.8
instead of (c).
Corollary 3.10. Let X be a Tychonoff space and α > 1 be an ordinal number. Then X is
an absolute Asα set iff X can be partitioned into a σ -scattered partition S = {Sn}n∈N so
that for every n ∈ N, there is a complete sequence of covers Cnj , j ∈ N, of
⋃Sn = Xn and
there are βnj with β
n
j + 1 < α such that Cnj is a sσ -Ms<βnj (Xn) family.
4. Preservation by maps
All the introduced absolute Borel classes Mα and Aα , α  1, are preserved by perfect
maps by [14, Corollary 15]. As each absolute Borel space is absoluteMα for some α  1,
perfect images of absolute Borel sets are absolute Borel. Applying [14, Theorem 11], with
D formed by a single Souslin operation, we get that also the class of absolute Souslin(B)
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spaces is invariant with respect to perfect maps. We have also by [14, Corollary 7] that
the class of absolute Souslin(H), equivalently the scattered-K-analytic spaces as explained
above, are invariant with respect to perfect maps. Although absolute scattered-Borel spaces
were not studied in [14], their invariance with respect to perfect maps follows from the
invariance of the class of absolute Souslin(H) spaces and the separation principle ([4,
Theorem 6.28], see also [12, Theorem 4(b)]).
Proposition 4.1. Let f :X → Y be a perfect map of a Tychonoff absolute scattered-Borel
space X onto a Tychonoff space Y . Then Y is an absolute scattered-Borel space.
Proof. Let f :X → Y be the perfect map as above and Y be a subspace of a Tychonoff
space Z. We may extend f to a perfect map from the Stone– ˇCech compactification K
of X to the Stone– ˇCech compactification L of Z. The extension g maps K \ X to L \ Y
[2, Theorem 3.7.16]. Now, by the mentioned result of [14, Corollary 7], both Y = g(X)
and g(K \ X) are Souslin(H) in g(K). By [4, Theorem 6.28], Y is scattered-Borel in the
compact space g(K) and thus Y is scattered-Borel in Z. 
Note that the above argument gives no information about the (absolute) class of f (X).
We discuss now the case of open maps and show that it preserves no of the above
absolute properties with the exception of the class Hδ =Ms1. In fact, open continuous
maps are known not to have nice preservation properties in this context even within
metrizable spaces. For example, each analytic set in a completely metrizable space is an
image of an absoluteA2 space by an open continuous map, see [1, Theorems 16.3 and 16.6]
for further details. Recall that in this result, the image has the same weight as the domain.
When this condition is omitted one obtains a large supply of examples because of Pol’s
result:
Proposition 4.2 [20]. Each first-countable space X is an image of a σ -discrete metrizable
space S by an open continuous map (with discrete fibres).
Note that each σ -discrete space X is absolutely (F ∧ G)σ . In our notation, it belongs
to A1. Therefore a σ -discrete space is absolutely Hσ , i.e., absolutely As1, as well. So we
can take any nonmeasurable subset of R for the space X in Proposition 4.2 to see that A1
(or the class of absolute Hσ sets) is not preserved by open continuous maps. Thence we
have
Proposition 4.3. No absolute subclass of absolute Souslin(H) spaces that contains
absolute A1 spaces is invariant with respect to continuous open maps.
Hausdorff proved that absolute Gδ-spaces are preserved by open continuous maps
within metrizable spaces. In general, ˇCech-complete spaces are not preserved by open
continuous maps—see [2, Problem 3.12.18(d)]. We modify a little bit the example from [2]
to show that absolute Borel classes are not preserved by open continuous maps either. In
fact, we even show that open continuous images of ˇCech-complete spaces need not be
ˇCech-analytic, i.e., absolutely Souslin(B).
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Example 4.4.(a) Every subset of [0,ω1) is an image of some ˇCech complete space Z by a continuous
open map F .
(b) There is a T ⊂ [0,ω1) which is not Souslin(B) in [0,ω1).
Proof. Let T be a stationary subset of [0,ω1) such that ω1 \ T is also stationary. Define a
space Z ⊂ T × Td , where T stands for the ordered topological space, induced by the order
of ordinal numbers of T , and Td denotes the discrete space on the set T . Define
Z =
⋃{([0, t] ∩ T )× {t}: t ∈ T }
and
F :Z → T by F (〈a, b〉)= a.
Then:
• F is open and continuous.
• Z is ˇCech-complete—just realize that X = [0,ω1) is locally compact, hence ˇCech-
complete and T differs locally from X just by a countable set at any point of T .
• T is collectionwise normal (as any generalized ordered space, see [2]), locally ˇCech-
complete (argue similarly as in the previous item) and it cannot be obtained by the
Souslin operation from Borel sets in [0,ω1). In fact, using [23, Lemma 1], one can
see that all such sets in [0,ω1) are Fσ or Gδ—the key observation is that any subset
of [0,ω1), containing a closed unbounded subset of [0,ω1), must be Fσ and then
recall the basic fact that there are only countably many Borel sets used in a Souslin
scheme. 
As every ˇCech-complete space is absolute M1, we obtain that open continuous maps
do not preserve any of the absolute Borel classes Aα and Mα , α ∈ [1,ω1), obtained from
algF as well as the class of all absolute Borel spaces.
On the other hand, for absolute Hδ spaces, the preservation by open continuous maps
holds true.
Proposition 4.5. Let X be an absoluteHδ space. If F :X → Y is an open and continuous
surjection, then Y is an absoluteHδ space as well.
Proof. By Theorem 2.5, it suffices to show that partition complete spaces are preserved
by open continuous maps. It was proved in [25, Theorem 12] using games. A stronger
result was proved in [19], namely partition complete spaces are preserved by tri-quotient
maps. 
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